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Introduction

T HE renewed interest in the phenomenonof wrinkling of mem-
branes, fueled by applications to the aerospace industry, has

spurred considerable activity on both the theoretical and computa-
tional aspectsof the subject.Althoughthe wrinklingphenomenonis
known to be a case of shell buckling, it seems unwise to utilize this
knowledge in actual computations because treating the membrane
as a shell with a vanishinglysmall thickness leads to the frustrating
effects of numerical instability.There exist, on the other hand, tech-
niques based on the membrane theory alone that permit us to obtain,
with relative ease and numerical robustness, not only the extent of
the wrinkledzones,but also the � eldof directionsof thewrinkles.1¡4

All that is needed, therefore, is a means for calculating the ampli-
tude and wavelength of the wrinkles in an already known wrinkled
domain. In this Note, we derive an ordinary differential equation
whose solution delivers such information. For clarity of the pre-
sentation, the equation is obtained under a number of simplifying
assumptions, mostly involving the smallness of the deformations.
However, the method is straightforwardlyextendable to the general
case.

Our guiding principle has been to keep only those aspects of the
model that are clearly determinant of the result, while leaving all
other aspects for future re� nement. We believe that this philosophy
will serve to highlight the essential features, rather than the techni-
calities, of the proposedequation.Note that, even under a geometri-
cally and materially linear regime, the resultingdifferentialequation
is highly nonlinear.The physical reason for this nonlinearityis to be
foundin that,becausewrinklingentailsno stress in thedirectionper-
pendicular to the wrinkles, there exists a severe constraint between
the wavelength and amplitude of the wrinkles. This can be phrased
intuitively as follows: For a given amount of wrinkling strain, the
larger the number of wrinkles, the smaller their amplitude. To the
best of our knowledge, the only attempt in a direction similar to
the one proposed herein is due to Wong and Pellegrino.5 In their
work, these authors present a model based mainly on the particular
case of shearing of a rectangular panel. Their results are very valu-
able and will be used here as a benchmark for validation purposes.

Derivation of the Equation
Assume that a given domain D of a membrane is known to be

unidirectionallywrinkled, and let x denote the known direction of
the wrinkleswithin thedomain.For the sakeof capturingtheessence
of thephenomenon,we will neglecttheeffectof theoverallcurvature
of the membranewithin thisdomain.Moreover,we will assumethat,
in thedomainof interest,thewrinkles run parallelto each other,with
y denoting the direction orthogonal to the wrinkles. As pointed out
in the Introduction, these restrictions are easily removed, but their
inclusioncomplicatesthe formulaswithout necessarilycontributing
signi� cantly to the understandingof the phenomenon at hand.

Let the wrinkling strain � eld be denoted by ²w D ²w.x; y/. This
� eld is assumed to be known from a “standard”membrane analysis.
The magnitude of ²w is assumed to be small, thus avoiding the use
of the exact Lagrangian strain, again for simplicity. Let ¸ denote
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Fig. 1 Relationship between wrinkling strain, curvature, amplitude,
and wavelength (x axis is perpendicular to the plane of Fig. 1).

the wavelength of the wrinkles. We conceive of ¸ as a smooth � eld
¸ D ¸.x; y/ over the wrinkled domain D. The wrinkles themselves
are described by the formula

w D A sin.2¼y=¸/ (1)

where the amplitude A is also to be regarded as a smooth � eld
A D A.x; y/. An accurate analysis of the length of the sinusoidal
curve can be carried out in terms of elliptic integrals, but to be
consistentwith our desire to simplifymatterswithout sacri� cing the
essential elements, we will assimilate each half-wave to a circular
arc. Assuming that the wrinkling leaves the material lengths in the
y direction unchanged, we can easily obtain (Fig. 1) the following
approximate relations between the amplitude A, the (mean) radius
of curvature R (with R À A), the wavelength ¸, and the wrinkling
strain ²w (assumed positive in contraction):

AR D ¸2=32; 6²w R2 D ¸2=16 (2)

where only the � rst signi� cant terms of the relevant Taylor expan-
sions have been retained.Combining the precedingexpressionsand
denoting the curvature by · D 1=R, we obtain the relation

A· D 3²w (3)

A more accurate analysis based on elliptic integrals affects only
the numerical coef� cient in the right-hand side (from 3 to approx-
imately 4.63), but not the essence of the conclusion, namely: For
a given wrinkling strain, the product of the amplitude times the
curvature is constant.

The elastic energy stored in the wrinkles will be attributed to a
double provenance.The � rst is obvious,namely, the curvature· just
introduced. This energy can be evaluated as
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where D is the bending stiffness of the membrane (viewed as
a shell). Had we not assumed that the wrinkles are parallel, the
Jacobiandeterminantof thecorrespondinglyskewedcoordinatesys-
tem would have had to have been introduced. Moreover, if the true
sinusoidal wave shape had been used by means of an elliptic inte-
gral, then an averaging of the curvature would have led to a factor
of approximately 2.31 instead of 3 in the preceding expression.

The secondsourceof elasticenergystorageis that, should therebe
any x slope of, for example, the crest of a wrinkle, the longitudinal
tensile strain ²0 would increaseby the small amount 1

2 .A02 /, where a
prime is used to denote partial x derivatives. If A02 ¿ ²0 , this effect
results in an addition to the energy in the amount
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where F represents the in-plane stiffnessof the membrane.Thepas-
sage from w to A, with the consequent change in the numerical
coef� cient, has the following explanation.If one uses the amplitude
of the wave to gauge the slope (at the crest), then a mean-square
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should be used to take into consideration the sinusoidal variation,
just as in calculating the power of an alternating current.

Note that a third source of energy could be found in the second
derivative A00, which is responsible for the appearance of a curva-
ture in the x direction. This source can be included in the theory,
particularly to take care of the possibly large curvatures that may
arise in the boundarylayer between the wrinkledand theunwrinkled
domains. It will be neglected in the present analysis, but its effect is
more than merely cosmetic: The differential equation would be of
the fourth, rather than the second, order.

The membrane will naturally select a wrinkle pattern that min-
imizes the sum of the extra energy W 1 C W 2 , thus reducing the
problem to one in the calculus of variations. Taking the variations
and integrating by parts in the standard way yields the differential
equation

A3 A00 D ¡18²2
w D

F²0
(6)

Note that this is a partial differential equation, but it is reduced to
an ordinary equation to be solved on each line y D constant. Ap-
propriate boundary conditions are usually the vanishing of A at
the boundary of the wrinkled domain. Denoting by t the thick-
ness of the membrane and using the standard linear elastic con-
stants D D Et 3=[12.1 ¡ º2/] and F D Et (E D Young’s modulus,
º D Poisson’s ratio), we can write

A3 A00 D ¡ 3²2
w t 2

2²0.1 ¡ º2/
(7)

We haveobtaineda nonlinearordinarydifferentialequationgovern-
ing the amplitudeof the wrinkles.A more carefulanalysiswill result
in some changesto the numericalvalueof the constantsappearingin
the right-hand side and/or in additional terms, but we have captured
the essential nonlinearityof the phenomenonunder the umbrella of
a relativelysimple-lookingequation.If, for instance,the assumption
that A02 is very small when compared with the longitudinal stretch
²0 is dropped, the resulting differential equation becomes

.²0 ¡ 3A02 /A3 A00 D ¡ 3²2
w t 2

2.1 ¡ º2/
(8)

Analysis and Validation
The fundamental equation (7) is nonlinear, and there exists no

general expression for its solution, which may not even exist under
certain circumstances. In other words, for a given wrinkling strain
� eld and longitudinal stretch, the task of � nding a solution is to
be tackled numerically. A particular case of interest, and one that
serves to shed light on the general behavior of the solutions, is that
for which the right-hand side of the equation is constant. For this
case, fortunately, the solution can be found explicitly in analytic
form. It is worthwhile anticipating that the vanishing of the ampli-
tude A at the boundaries may require that, for the product A3 A00

to be � nite, the slope at both ends of the wrinkle must be in� nite.
This verticality of the slope is not a defect of the equation itself,
but only a consequence of the wrinkling strain � eld having been
assumed constant. In reality, this strain vanishes at the boundary,
thus affecting the shape of the wrinkle in the boundary layer. If the
givenwrinklingstrain, thoughvanishingat the boundary,is substan-
tially constant in the interior of the wrinkled domain, then it is to
be expected that the analytical solution that follows these remarks
constitutes a faithful representation of the wrinkle wavelength and
amplitude away from the boundary layer. Having made these pre-
liminary comments, we seek an analytic solution for the nonlinear
ordinary differential equation:

A3 A00 D ¡k2 (9)

where, in our case, the constant k is given by

k D
r

3²2
w t 2

2²0.1 ¡ º2/
(10)

The boundary conditions are A.0/ D A.L/ D 0, where L is the
known total length of the wrinkle. The surprisingly simple solu-
tion of this problem is given by

A D
p

2 ¤ k ¤ L ¤ .» ¡ » 2/ (11)

as is easily checked by direct substitution.We have introduced the
nondimensional length variable » D x=L . In fact, the graph of this
solution is an ellipse with semi-axes equal to L=2 and

p
.k ¤ L=2/.

(Note that a lengthwise half-sine wrinkle shape would correspond
to a wrinkling strain that builds up slowly following a squared sine
law). We havenow a de� nite expressionthat can be used to compare
this predictionwith the results of Wong and Pellegrino.5 Consider a
square membrane of side H whose perimeter is attached to a rigid
frame pin jointed at the corners. A shear strain is imposed on the
membrane by deforming the boundary frame by an angular amount
° into a parallelogram. Assuming that this experiment imposes on
themembranea constantwrinklingstrain(this is only approximately
true), we can apply the result embodied in our explicit solution
(11). If the membrane is made of a metal and no initial prestress is
imposed, then it is clear that the longitudinalstrain ²0 (in a diagonal
direction)is, at all instants,equalnumericallyto one-halftheamount
of shear (²0 D ° =2, for small strains).As far as the wrinklingstrain is
concerned,we observethat the totalcontractilestrainof the diagonal
that shortensis also equal to ° =2, but it is composedof the wrinkling
strain plus the Poisson effect due to the presence of the longitudinal
stress. Thus, we may write ²w D 0:5° .1 ¡ º/. By the use of this
value in Eq. (10), the amplitude of the wrinkles at the middle point
of the plate (» D 0:5) is obtained from Eq. (11) as
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The result reported by Wong and Pellegrino5 can be expressed as
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(13)

These results (as well as the corresponding results for the wave-
lengths) are identical in the sense that they both show a dependence
of the amplitude on the square root of the length and the thickness,
as well as on the quartic root of the imposed shearing strain. The
dependenceon Poisson’s ratio is also identical. The only difference
lies in the numerical coef� cient. The publishedcoef� cient5 is about
80% of the one obtained by means of the present analysis. Given
the various simplifying assumptions used in both approaches, this
is quite a remarkable � t because what matters is the identical func-
tional dependence on the variables and that both results are of the
same order of magnitude. On the other hand, the results presented
here are derived as a particular case of a general equation that can
be applied to any given wrinkling regime.

Conclusions
Now that a differentialequationthat serves to determinethe num-

ber and amplitude of elastic wrinkles has been obtained, and given
the veri� cation that its solutions match previouslyavailable results,
the task ahead is double. First, it is imperative to extend the deriva-
tion of the equation to the geometrically and materially nonlinear
regime. Second, once this task has been carried out, one should
incorporate the evaluation of the wrinkle amplitude into a compu-
tational tool that performs the standard analysis to determine the
wrinkling domain and the direction of the wrinkles. The two com-
putations can be affected in tandem, as suggested in this Note, or
possibly integrated into one and the same iterative algorithm.
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Introduction

P UBLISHED work that goes back decades shows conclusively
that Euler–Bernoulli beam theory and Kirchhoff plate theory

both fail, even qualitatively, to capture the behavior of transverse
shear-stress resultants and contact stresses, such as when a beam
or plate is being pressed against a � at surface. When the effects
of transverse shear stresses are added to the theories, resulting in
Timoshenko beam theory and Reissner–Mindlin plate theory, the
accuracy of contact stresses and transverse shear stress resultants
is improved.1¡3 In particular, the qualitatively incorrect result of
discontinuous transverse shear-stress resultants is overcome, but
the contact stresses remain discontinuous.However, in more recent
work models that include degreesof freedom associatedwith trans-
verse normal strain have been shown to yield continuous contact
stresses.4;5 Unfortunately, however, such models are considerably
more complex than the classical theories just mentioned (for exam-
ple, see Refs. 6 and 7).

Recently,beam8 and plate9 theorieshavebeenderivedfrom three-
dimensional elasticity using the variational-asymptoticmethod. In
the plate theories the small parameter h=` is used to reduce the di-
mensionalityof the model, where h is the thickness of the plate and
` is the wavelengthof deformation in the planeof the plate.A model
that is derivedin thismannerand is valid to order.h=`/0 has the form
of a Kirchhoffor classical laminatedplate theory,but it is not subject
to the usual (and internally inconsistent)assumptions that the trans-
verse normal stress is zero and that the normal line element remains
straight, of constant length, and normal to the deformed plate. In-
stead, the normal line element deforms, even in isotropic plates, as
a result of the Poisson effect. When all terms through order .h=`/2

are kept, the resulting theory, whether for homogeneous, isotropic
or laminated,compositeplates, can be uniquelycast into the formof
a Reissner–Mindlin plate theory. Additional warping of the normal
line element occurs as a result of transverse shear effects. When all
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terms through order .h=`/2 are kept in the asymptotic approxima-
tions for the three-dimensional� eldvariables,accurate through-the-
thickness distributions of all in-plane, transverse shear, and trans-
verse normal strain and stress are obtained. These results are espe-
cially helpful in recovery of stress and strain components for lam-
inated plates10 or shells11 and can be obtained without introducing
any degrees of freedom beyond those of Reissner–Mindlin theory.

Thus, an equivalent single-layer theory for laminated composite
plates, when consistently derived using the variational-asymptotic
method, is capableof far more than just accuratepredictionof global
behavior. There is one additional feature of this type of theory that
has been developed for plates, although not yet for beams. When
the plate is loaded with tractionson its upper and lower surfacesand
body forces, the potentialof the applied loadswill contain terms that
arise because of the warping of the normal line element. Indeed, the
purpose of this Note is to show that an asymptotically correct the-
ory through order .h=`/2 , which includes such terms, is suf� cient
to obtain qualitatively correct transverse shear-stress resultants and
transverse normal contact stresses. Contrary to Refs. 4 and 5, ad-
ditional degrees of freedom to take into account transverse normal
strain are unnecessary. The implication of this statement is simply
that a theory with no more degrees of freedom than are found in so-
called � rst-order shear deformation theory is suf� cient if it includes
the contributionsof the warping displacement to the potentialof the
applied loads, which are of the same order as terms in the strain
energy caused by transverse shear deformation.This is well within
the realm of the more classical theories and leads to the expectation
that simpler and hence more computationallyef� cient theories can
be used in problems involving contact.

Although recovery relations are published for nonlinear analy-
sis of laminated plates and shells, to present an analytical solution
herein the development is limited to the linear theory of isotropic
plates. The total potential for isotropicplates is presented in the next
section. Results obtained for a loaded plate undergoing cylindrical
bending and being pressed against a rigid, smooth surface are used
to illustrate the concept.

Total Potential
For small displacements the total potential for a laminated, com-

posite plate can be written as9

U C V D 1
2 RT AR C 1

2 ° T G° C RT F ¡ vT f ¡ ÁT m (1)

where U is the strain energy per unit area; V is the potential of
applied loadsperunit area;R is a columnmatrixcontainingthe three
membrane measures (²11 , 2²12 , and ²22) and the three bending-twist
measures (·11 , 2·12, ·22) of plate deformation;° is a column matrix
containingthe two plate transverseshear measures,2°13 and 2°23; v
is a column matrix that contains the three displacementcomponents
of the plate averagedthroughthe thickness;andÁ is a columnmatrix
that contains two rotation measures associated with the normal line
element. The matrices A, G, and F are thus functionsof the number
of layers and the material properties of each layer; f , m , and F are
also functionsof upper and lower surface tractions and body forces.
The matrix A is the well-known 6 £ 6 matrix of lamination theory,
whereas the others are determined by the variational-asymptotic
method. Details are found in Ref. 9.

For the purposes of the present Note, we specialize the theory
to the case of isotropic materials and cylindrical bending so that

Fig. 1 Schematic of cylindrical bending of a plate, looking along the
in� nite direction y, contacting a rigid, smooth surface between b <– x <–
` ¡¡ b; ¿ is shown as negative, and the contact force per unit area ¯,
acting b <– x <– ` ¡¡ b, is not shown.


